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Abstract
We study branes moving in an AdS Schwarzschild black hole background. When the brane tension
exceeds a critical value, the induced metric on the brane is of FRW type and asymptotically de
Sitter. We discuss the relevance of such configurations to dS/CFT correspondence. When the
black hole mass reaches a critical value that depends on the brane tension, the brane interpolates
in the infinite past and future between a dS space and a finite space of zero Hubble constant.
This corresponds to a cosmological evolution without a Big Bang or a Big Crunch. Moreover,
the central charge of the CFT dual to the dS brane enters the Cardy-Verlinde formula that gives
the entropy of the thermal CFT dual to the bulk AdS black hole.
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1 Introduction
The AdSD+1/CFTD correspondence [1] is nowadays largely accepted as an established duality,
holographical in nature, between a D + 1-dimensional gravitational theory in the bulk and a
D-dimensional CFT in the boundary. A generalisation of holographic ideas leads naturally
to conjecture the existence of a dSD+1/CFTD correspondence. In this case, holography takes
place on the asymptotic boundaries along the time direction and the dual CFT (CFTs) is (are)
Euclidean. Despite some serious puzzles, most notably the unclear nature of a string realization
of the dS/CFT correspondence, such a proposal has been recently put forward in a concrete
manner and attracted some interest [2, 3].
One of the interesting aspects of the conjectured dS/CFT correspondence is the possibility of
providing a quantum field theoretical description for fields in de Sitter space. Such a goal is
of obvious value in view of the recent experimental observations for the existence of a positive
cosmological constant in our universe [4]. Moreover, if the dS/CFT correspondence resembles
at all its successful cousin - the AdS/CFT correspondence - then the possibility arises for a
quantum field theoretical description of the cosmological evolution [5, 6]. Namely, considering
that the cosmological evolution in D spacetime dimensions is modelled by a (flat) metric of the
FRW form
ds2 = −dτ 2 +R2(τ)dx¯2D−1 , (1)
such that the Hubble constant
H =
R˙
R → H± , as τ → ±∞ , (2)
where the dot denotes differentiation with respect to τ , then the cosmological evolution could be
viewed as a “holographic” RG flow between the two Euclidean CFTs dual to the asymptotic de
Sitter regimes at τ = ±∞ of (1). Such an evolution from the infinite past to the infinite future
would correspond to a dual RG flow from the IR to the UV.
Motivated by the above, as well as from the puzzling rareness of string/M-theory compactifica-
tions to de Sitter space (see however [7]), we consider in this letter branes moving in an AdSD+1
Schwarzschild black hole background. When the brane tension exceeds a critical value we find
solutions in which the induced metric on the brane is of the general FRW form and approaches
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de Sitter space in the infinite past and/or future.
An interesting class of solutions are those where the brane radius is always greater than the event
horizon of the AdSD+1 black hole and stretches to infinity both at the infinite past and future. In
this case the brane metric is asymptotically dSD, with the same Hubble constant in the past and
future infinity. The dSD/CFTD−1 correspondence applied to the asymptotic de Sitter regimes
of the above brane metrics implies the existence of dual CFTs whose central charges depend on
the asymptotic Hubble constants. In our case, the latter depend generically only on the brane
tension, hence it seems that their values have nothing to do with any properties of the bulk
AdSD+1 black hole. Phrased differently, the brane excitations induced by the thermal bulk seem
to be “orthogonal” to “holographic” de Sitter RG flows. Nevertheless, these brane configurations
break down when the mass of the bulk AdSD+1 black holes reaches a critical value that depends
on the brane tension. At this critical point, the solution interpolates between a dS space and
a space with Hubble constant zero and corresponds to non-singular evolution on the brane (no
Big Bang or Big Crunch). It appears therefore that at this critical point the thermodynamics
of the AdSD+1 black holes interferes with the dSD/CFTD−1 correspondence. Indeed, the central
charge cD−1 [5] of the CFTD−1 is now related to the energy of the black hole, thus entering the
Cardy-Verlinde formula [8] that gives the entropy of the thermal CFTD dual to the black hole
[9] as
S = 2pi
√√√√C˜
6
(
AD cD−1 − C˜
24
)
. (3)
The quantity C˜ is the generalized central charge of the thermal CFTD [8] and AD is a D-
dependent constant. Since C˜ is the appropriate generalization to more than two dimensions of
the number of degrees of freedom of the CFTD that are thermalized at the critical point [10, 11],
it is tempting to relate cD−1 to the maximum number of degrees of freedom on the brane that
can be thermalized by a bulk black hole.
2 Branes moving in AdS Schwarzschild black holes
The equations describing the dynamics of codimension one surfaces inside a bulk gravitational
theory have been around for a long time [12]. Due to the recent interest in brane world scenaria,
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there exists by now a vast literature on the subject of branes moving in bulk gravity. For
our purposes, we take the simple model of a brane moving in the background created by an
AdS Schwarzschild black hole. This model has been first studied in the context of AdS/CFT
correspondence in [13]. The D + 1 gravitational action in the presence of a brane is
S =
1
16piGD+1
∫
M
(R − 2Λ) + 1
8piGD+1
∫
∂M
√
γK + κ
8piGD+1
∫
∂M
√
γ , (4)
where K is the trace of the the extrinsic curvature Kµν = γαµγβν∇αηβ taken with respect to the
induced metric on the brane γµν = gµν − ηµην , κ is related to the brane tension and ηµ is the
unit normal vector to the brane.
A solution to the bulk equations of motion is given by the AdS Schwarzschild black hole in D+1
dimensions
ds2 = −h(r)dt2 + dr
2
h(r)
+ r2dΩ2D−1 , (5)
h(r) =
r2
L2
+ 1− ωDM
rD−2
, ωD =
16piGD+1
(D − 1)VD−1
, (6)
with VD−1 = 2piD/2/Γ(D/2) and M the mass of the black hole. In this normalization, the
cosmological constant of AdSD+1 is ΛD+1 = −D(D− 1)/2L2. To derive the equations of motion
we use Gaussian normal coordinates in the vicinity of the brane
ds2 = dη2 + γµνdx
µdxν , (7)
with the position of the brane at η = 0. We then let the coordinates on the brane to be functions
of the proper time τ on the brane as xµ = (r(τ), t(τ), θ¯), where the θ¯ denotes collectively the
angular coordinates. The velocity of a static particle (or a piece of stress energy) on the brane is
qµ =
dxµ
dτ
=
(
dt
dτ
,
dr
dτ
, 0¯
)
, qµqµ = −1 . (8)
The second condition above is written as
1
h(r)
(
dr
dτ
)2
− h(r)
(
dt
dτ
)2
= −1 , (9)
which ensures that the induced metric γµν on the brane is of the FRW type
ds2brane = −dτ 2 + r2(τ)dΩ2D−1 . (10)
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In the coordinates (7) the normal vector to the brane (i.e. at η = 0), pointing in the direction
of increasing r, is simply ηµ = (1, 0, 0¯). To derive the equations of motion, however, we need the
normal vector in the vicinity of the brane which is determined by
ηµqµ = 0 , η
µηµ = 1 . (11)
These are easily solved to give
ηµ = (−r˙, t˙, 0¯) , t˙ =
dt
dτ
, r˙ =
dr
dτ
. (12)
Now, the equation of motion of the brane is given by the Israel junction conditions [12] which,
assuming that ηµ points in the direction of increasing r, read
Kµν = Tµν − T ρρ
1
D − 1γµν . (13)
Tµν is the energy momentum tensor on the brane which here describes just its vacuum energy
and is given by
Tµν = −κγµν . (14)
Then (13) becomes
Kµν = κ
D − 1γµν . (15)
To proceed we calculate the extrinsic curvature on the brane noticing the relation
∂η = η
µ ∂
∂xµ
. (16)
It suffices to consider just one of the angular components of Kµν , e.g., the Kθθ component in the
coordinate system (7) is
Kθθ = −Γηθθηη =
1
2
ηµ∂µr
2 = rh(r)t˙ . (17)
Then (15) yields
t˙ =
κr
(D − 1)h(r) . (18)
The gravitational constant of the induced metric can be easily calculated [14] as
ΛD =
D − 2
D
(
ΛD+1 +
D
2(D − 1)κ
2
)
≡ D − 2
2(D − 1)(κ
2 − κ2c) , (19)
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where (19) also defines the critical tension κc. Finally, using (9) we obtain from (18)
H ≡
(
r˙
r
)2
=
2ΛD
(D − 2)(D − 1) −
1
r2
+
ωDM
rD
. (20)
This equation describes the cosmological evolution for the brane universe in the AdS Schwarzschild
black hole background. Similar equations have been studied in various braneworld related con-
texts in a number of references [15].
3 Asymptotically dS metrics on branes
3.1 The D=4 case
We start our analysis of (20) by considering in detail the case D = 4 when we have
r˙2 =
Λ4
3
r2 − 1 + ω4M
r2
. (21)
The solution when the brane cosmological constant is zero corresponds to fine tuning the brane
tension to κ = κc and has been studied in detail in [8]. For 0 < κ < κc we obtain negative
cosmological constant on the brane.3 In this case we denote H21 = −Λ4/3 > 0 and notice that
for M = 0, which corresponds to the bulk space being pure AdS, there exists no solution. For
M > 0, we obtain in terms of x = r2
x˙2 = −4H21 (x− x−)(x− x+) , x± = −
1
2H21
[
1∓
√
1 + 4ω4MH
2
1
]
. (22)
Only x+ is positive, thus we have a bounded motion in the interval x(τ) = r
2(τ) ∈ (0, x+]. Then,
the solution is
x(τ) ≡ r2(τ) = 1
2H21
[√
1 + 4ω4MH21 cos(2H1τ)− 1
]
, (23)
which describes an oscillating universe.
For κ > κc we obtain a positive cosmological constant on the brane. Denoting H
2
2 = Λ4/3 we
obtain from (21)
1
4
x˙2 = H22x
2 − x+ ω4M = H22(x− x−)(x− x+) , (24)
3We do not consider here the unclear case of having negative tension branes.
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where
x± =
1
2H22
(
1±
√
1− 4ω4MH22
)
. (25)
We begin with the extremal case M = 0, i.e., when the bulk is pure AdS. The solution is then
r(τ) =
1
H2
cosh(H2τ) , (26)
which in view of (10) describes a de Sitter universe. This case has been studied from different
perspectives, e.g., in [15, 16].
If 4ω4MH
2 < 1, both roots (25) are positive. In this case there are two possible orbits, one in
the interval (0, x−] and another in the interval [x+,∞). Since one easily verifies that the black
hole horizon distance satisfies rH < x−, x+, in the first orbit above the brane crosses the horizon
at finite proper time, while in the second orbit the brane never crosses the horizon. Eq. (24) can
be solved exactly. After some algebra, we find that for x ≤ x−,
r2(τ) = x(τ) =
1
2H22
(
1−
√
1− 4ω4MH22 cosh(2H2τ)
)
, (27)
whereas for x ≥ x+,
r2(τ) = x(τ) =
1
2H22
(
1 +
√
1− 4ω4MH22 cosh(2H2τ)
)
. (28)
When 4ω4MH
2
2 > 1, we obtain the solution
r2(τ) = x(τ) =
1
2H22
(
1 +
√
4ω4MH
2
2 − 1 sinh(±2H2τ)
)
. (29)
Finally, for 4ω4MH
2
2 = 1 we obtain the solutions
r2(τ) = x(τ) =
1
2H22
(
1± e±2H2τ) . (30)
At this critical point there are two possible orbits one of which interpolates between a dS space
of Hubble constant H2 and a space of H = 0. This corresponds to a non-singular evolution
(without a Big Bang or a Big Crunch, depending on the sign choice for H2). The various orbits
are shown in Fig. 1.
From our perspective the most interesting solution is (28). In this case the brane metric (10) is
asymptotically de Sitter both at the past and future infinity and furthermore it never crosses the
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Figure 1: The various brane orbits. For 4ω4MH
2
2 < 1 we depict only the x > x+ orbit.
For 4ω4MH
2
2 > 1 the brane ceases to exist (x < 0) at finite proper time.
black hole horizon. The brane observer sees a cosmological evolution during which the universe
starts very big at an inflationary de Sitter era, contracts to a minimum size and then expands
again to reach a de Sitter era in the infinite future. Both the past and the future asymptotically
de Sitter regimes have the same Hubble constant H2. In this sense, our brane universe is far from
describing the observed cosmological evolution where the initial and final values of the Hubble
constant differ by ∼ 1052 orders of magnitude. Nevertheless, our solution provides a simple
model to test the recent ideas of dS4/CFT3 correspondence in the context of the cosmological
evolution [5, 6]. According to such ideas, the asymptotically de Sitter regimes in the infinite past
and future are respectively dual to a three-dimensional CFT on the sphere S3 with radius r. The
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central charge of this dual CFT3 is given by [5]
c3 =
a3
H22G4
(31)
where G4 is the gravitational constant on the brane. The parameter a3 is a constant.
4 For
general 0 ≤ 4ω4MH22 < 1, we see from (19) that H2 is independent of the black hole mass, hence
the central charge of the dual CFT3 depends essentially only on the brane tension κ. Therefore,
although the presence of a black hole in the bulk distorts the orbit and from purely de Sitter
makes it only asymptotically de Sitter, there does not seem to be any interaction of the black hole
degrees of freedom with the degrees of freedom on the brane that are relevant to the boundary
CFT3, i.e. this particular brane evolution is “orthogonal” to the RG flow of the CFT3. However,
when the black hole mass reaches the critical value
M = Mc =
1
4ω4H
2
2
, (32)
then there seems to be an interference between the degrees of freedom of the black hole and those
of the CFT3. In this case, starting, for example, the evolution from a de Sitter regime in the
infinite past, the brane contracts and never re-expands again reaching a spatially homogeneous
space with zero Hubble constant in the infinite future. From the point of view of the CFT3 such
an evolution corresponds to a RG flow from an IR regime, where a finite number of degrees of
freedom are coupled, to an UV regime where the coupled degrees of freedom are infinite.
On the other hand, when M > Mc we see from (29) that r
2(τ) becomes negative at finite proper
time which indicates that the brane configuration ceases to exist. In that sense, c3 in (Eq. (31))
provides an upper bound on the energy of black holes that can support brane configurations
stretching from the infinite past to the infinite future. Indeed, using the equation h(rH) = 0 that
gives the horizon distance rH of the black hole, the condition M ≤Mc translates to
c3 =
a3
H22G4
≥ a3
G4
4r2H
(
1 +
r2H
L2
)
. (33)
4The parameter a3 can presumably be calculated from the correlators of the energy momentum tensor of the
CFT3. The latter can be calculated from graviton correlators in dS4. Notice however, that the cosmological imple-
mentation above of the dS/CFT correspondence requires the definition of a central charge for an odd-dimensional
CFT. Contrary to common misconceptions in the current literature, the notion of a quantity measuring the de-
grees of freedom coupled to a critical point is not necessarily connected to the conformal anomaly and exists in
any dimension. For various 3-dimensional examples see e.g. [17].
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The equality in (33) associates a “critical” CFT3 to an AdS5 Schwarzschild black hole of radius
L and horizon distance rH . Apparently, the bulk AdS black hole does know something about the
“critical” theory whose central charge is given by (31). Using the standard brane-world relation
GD+1 =
L
D − 2GD , (34)
we obtain from (33)
c3 = a3
16
3pi
EcritL & a3
16
3pi
EL , (35)
where E is the energy of the black hole that supports a brane cosmology and which is identified
with the total thermal energy of the dual CFT4. Ecrit is the energy of the black hole at the
critical point M = Mc. At this critical point, using the definition of the Casimir entropy SC
SC = S
L
rH
≡ pi
6
C˜ , (36)
where S is the entropy and C˜ the generalized central charge [8, 10, 11], we can write the entropy
of the black hole as
S = 2pi
√√√√C˜
6
(
pi
16a3
c3 −
C˜
24
)
. (37)
Thus, the central charge of the CFT3 enters the Cardy-Verlinde formula for the entropy of the
thermal CFT4 at the critical point M = Mc.
3.2 Generalization to D > 4
For D > 4 we consider only the case with a positive cosmological constant on the brane when
Eq. (21) generalizes to
r˙2 = H22r
2 − 1 + ωDM
rD−2
, (38)
with H22 =
2ΛD
(D−2)(D−1) . This cannot be solved exactly, but we may demonstrate the qualitative
features we encountered in D = 4. To this end, first rewrite the equation as
rD−2r˙2 + f(r) = 0 , f(r) = −H22rD + rD−2 − ωDM . (39)
The potential f(r) has a maximum at rmax, where f
′(rmax) = 0, i.e.,
r2max =
(D − 2)
DH22
. (40)
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As in D = 4, we have three cases:
If f(rmax) > 0, then there are two orbits, one of which approaches r → ∞ in the infinite past
and future. We obtain r˙2 ≈ H22r2, therefore,
r ∼ e±H2τ , (41)
and the brane interpolates between dS spaces of Hubble constant H2.
If f(rmax) < 0, then the brane starts from a dS space of Hubble constant H in the infinite past
and falls into the black hole singularity.
At the critical point f(rmax) = 0, the mass of the black hole becomesM =Mc, whereMc satisfies
1
HD−22
=
D − 2
2
(
D
D − 2
)D
2
ωDMc . (42)
The brane interpolates between a dS space of Hubble constant H2 in the infinite future and a
finite space of radius r = rmax in the infinite past. There is also another orbit that approaches
the latter point starting from the singularity r = 0. To see the behaviour near r → rmax, expand
f(r) = 1
2
f ′′(rmax)(r − rmax)2 + . . . = (D − 2)rD−4max (r − rmax)2 + . . . , (43)
Therefore,
r˙2 = − f(r)
rD−2
≈ −(D − 2)
r2max
(r − rmax)2 = −DH2 (r − rmax)2 , (44)
whose solution is
r − rmax ∼ e±
√
DH . (45)
In this case, using (42) and the equation for the black hole horizon, the central charge of the
CFTD−1 dual to the asymptotic dSD regime is
cD−1 =
aD−1
HD−2GD
=
D − 2
2
(
D
D − 2
)D
2
rD−2H
(
1 +
r2H
L2
)
aD−1
GD
, (46)
which using (34) and the formula that gives the energy of the bulk black hole [9] can be written
as
cD−1
8piaD−1
VD−1(D − 1)
(
D
D − 2
)D
2
EcritL . (47)
The D-dependent parameter aD−1 is a constant (see Footnote 1). Away from the critical point,
the condition for the existence of asymptotic dS spaces is E < Ecrit. Thus cD−1 provides an
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upper bound for the energy of the black hole which generalizes (35). Moreover, the Cardy-
Verlinde formula for the entropy of the thermal CFTD is written at the critical point M = Mc
as
S = 2pi
√√√√C˜
6
(
VD−1
8pi
(
D − 2
D
)D
2 cD−1
aD−1
− C˜
24
)
(48)
generalising (37).
4 Discussion of the results
The recent experimental observations pointing towards the existence of a positive cosmological
constant in our universe has brought up the question of studying quantum field theory in de Sitter
space. In that direction, the conjectured dS/CFT correspondence is an interesting development.
A further possibility arising in this context is the description of the cosmological evolution via
a RG flow between Euclidean CFTs dual to the asymptotic dS regimes of the infinite past
and future. With the above in mind, it seems natural to look for realizations of the dS/CFT
correspondence in spaces embedded into higher dimensional bulk manifolds. In this way one
might hope to use the full range of the existing string theory and supergravity solutions for the
bulk to study the dS/CFT correspondence realized on branes.
In this letter, we initiate such an approach to dS/CFT correspondence by studying the simple
model of a brane moving in the vicinity of an AdS Schwarzschild black hole. When the tension
is greater than a certain critical value, the metric on the brane is of a generic FRW form which
is asymptotically de Sitter in the infinite past and/or future. We argue that such a simplified
configuration is a good starting point to study properties of the dS/CFT correspondence. An
interesting question is whether the bulk theory is at all related to the properties of the CFT(s)
dual to the asymptotic dS regimes. Such a possibility would then allow one to use information
from the well established AdS/CFT correspondence to study the dS/CFT correspondence.
Our analysis shows that although a black hole in the bulk distorts the orbit of a brane moving
into it, in general it does not seem to interfere with the CFTs dual to the asymptotic dS regimes
on the brane. However, for a critical value of the black hole mass the asymptotic properties of
the brane metric are dramatically altered and the brane interpolates between a dS space in the
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infinite future/past and a space of zero Hubble constant in the infinite past/future. This is a
non-singular evolution (without a Big Bang/Big Crunch). Such a critical point defines an upper
bound on the energy of a Schwarzschild AdS black hole that can support an asymptotically de
Sitter brane cosmology. We view this as an indication that the black hole knows something
about the CFT dual to the dS regimes. This is further supported by observing that at the
critical point the central charge of the CFTD−1 enters the Cardy-Verlinde entropy formula (3) of
the thermal CFTD dual to the black hole. Such an observation indicates that the central charge
of the CFTD−1 may be related to a quantity of the thermal CFTD. From the Cardy-Verlinde
formula (3) one is tempted to relate cD−1 to the maximum number of degrees of freedom on the
brane that can be thermalized by the bulk black hole, for temperatures above the Hawking-Page
transition point [9].
Our arguments above require the existence of a well-defined central charge for a D-dimensional
CFT. In the context of the dS/CFT correspondence, this means a general formula for the constant
aD−1 in (46). Such a formula is, of course, not known for D > 2. In even dimensions the central
charges are usually related to conformal anomalies and this makes their study relatively simple.
Nevertheless, central charges have been defined in odd dimensions [17] and could be used to
study properties of the dS/CFT correspondence in the cosmological evolution setting.
The simple model presented here shows the possibility of studying properties of the dS/CFT
correspondence in embedded spaces (i.e. branes), using results of the AdS/CFT correspondence.
One could extend our result to asymptotically flat brane cosmologies in which case we expect that
one should use the Cardy-Verlinde entropy formula for black holes with flat horizons discussed in
[11]. Notice that at the critical point the evolution on the brane leads to an infinite ratio of the
Hubble constants in the infinite future and infinite past, respectively. It would be interesting to
perturb this symmetric state and obtain a large but finite ratio of Hubble constants as observed
in our universe. In that sense, a natural extension of our studies would be to consider more
complicated black hole solutions of supergravity and study the influence of the bulk fields on
possible asymptotic dS regimes on the brane. Introducing explicitly thermal conformal fields on
the brane would also be a possible way forward. In any case, the idea of viewing the cosmological
expansion as a RG flow is by itself interesting and worths further study.
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